Let G be a locally compact group. Let A P (G) be the Herz algebra of G associated with 1 < p < oo. We show that if A P (G) is Arens regular, then G is discrete. We also exhibit a number of sufficient conditions for such a group to be finite.
is the Fourier algebra of G as introduced by Eymard in [7] . For general /?, the algebras A P (G) were introduced and first studied by Herz [13] .
In this paper we will study the structure of the second dual A P (G)** as a Banach algebra with respect to the two Arens products. In particular, we will show that if A P (G) is Arens regular, then G is discrete. When p = 2, we show that for a large class of groups, Arens regularity will imply finiteness.
Preliminaries.
Let G be a locally compact group with a fixed left Haar measure λ. For 1 < p < oo, let L P (G) be the usual Banach space of equivalence classes of /7-integrable (or essentially bounded) functions on G. The algebras A P (G) for 1 < p < oc will be as defined in §1. When p = 2 we will write A(G) for A 2 
(G).
For 1 < p < oc, let PF P (G) and PM P (G) denote the closure of L\(G), considered as an algebra of convolution operators on L P {G), with respect to the norm topology and the weak operator topology respectively in &(L P (G)) 9 the bounded operators on L P (G) . The space PM P (G) can be identified with the dual of A P (G) for each 1 < p < oo [see 19, p. 94] .
is a commutative Banach algebra with respect to pointwise multiplication.
Let A c G be closed. We will denote by I P (A) the closed ideal of A P {G) of the form {w € A p (G)\u(x) = 0 for every x e A}. Given an ideal / c ^( (7), we denote by Z(7) the set {x e G\u(x) = 0 for every WE/}.
Let si be a Banach algebra. Then J/** can be be given two multiplications which extend the multiplication of si and for which J/** becomes a Banach algebra. These products were introduced by Arens in [1] . They are defined as follows:
2b) (ΓDΓ, w) = (Γ, ΓDw) for every u e stf, Γ G J/* , Γ e jtf**, (2c) (Γ!DΓ 2 , Γ) = (Γi, Γ 2 DΓ) for every Γ € sf*, Π , Γ 2 e J/** . In general, Γi Θ Γ 2 = Γ 2 DΓ 2 may fail for some Γi, Γ 2 G J/** . If Γi Θ Γ 2 = Γ!DΓ 2 for every Γi, Γ 2 G $/ , then s/ is said to be Arens regular.
Let s/ be a commutative Banach algebra. Then u -T = TΏu. Hence J/* becomes a commutative Banach j/-bimodule. Moreover, sf is Arens regular if and only if J/** is commutative with respect to either, and hence both, of the Arens products.
Wecall ΓGJ/* weakly almost periodic if 0(T) = {M Γ|||I/||J/ < 1} is relatively weakly compact. T is uniformly continuous if T is in the norm closure of span{w T\\u G si , T\ e J/*} . When sf = A P (G), we denote the weakly almost periodic functionals by W P (G) and the uniformly continuous functionals by UCB P (G) (see [9] Proof. We first assume that G is separable. If A P (G) is Arens regular, then W P {G) = PM P {G). Hence UCB P (G) c W P (G) and G is discrete by [9, Theorem 16] .
Let G be an arbitrary locally compact group. Let U be an open neighborhood of {e} in G with compact closure. Then U generates an open σ-compact subgroup Go of G. By Lemma (3.1)(ii), A p (Go) is also Arens regular. Since Go is compactly generated either Go is discrete and we are done or there is a compact normal subgroup K in GQ such that λ(K) = 0 and GQ/K is separable.
Assume the latter to be true. By Lemma 3.1(ii), A P (G O /K) is Arens regular. But Go/K is separable and therefore must be discrete. Thus K is an open subgroup which contradicts the assumption that λ(K) = 0. Hence Go must be discrete. Consequently, so must G be discrete. D
The next result generalizes [15, Theorem 3.7] . The proof is similar. LEMMA 
Let G be a locally compact group. Then A P (G) is an ideal in PM P (G)* if and only if G is discrete.
Proof. Assume first that G is discrete. Then UCB P {G) = PF P (G) [9, Proposition 15] . Let u e A P (G) and m e PM P (G)*.
Since m \-+ mΘuo is weak-* to weak-* continuous {me PM P (G)*\ m(L e ) = 1 = ||m||} is weak-* compact, so is K. But # c A P (G), so AT is weakly compact in A P (G). It is also clearly convex. [17] . They consider only the case of amenable groups where it is known that W P {G) c UCB P (G) [9, Proposition 14] . For non-amenable groups, it is not known whether the above inclusion holds even for p = 2 and for G discrete. For p = 2, the following proposition sheds some light on the non-amenable case. PROPOSITION Let x e G. Then H = (x), the subgroup generated by x is commutative and hence amenable. Therefore H is finite and G is periodic. D COROLLARY 
Let G be a discrete group which contains the free group on 2 generators. Then A(G) is not Arens regular.
One of the most famous conjectures in the study of amenable groups was that a discrete group G would be amenable if and only if G did not contain a subgroup isomorphic to the free group on 2 generators. Ol'shanskiϊ [18] has proved this conjecture to be false by constructing a non-amenable group G for which every non-trivial proper subgroup is infinite cyclic. It follows from Proposition 3.7 that A{G) is not Arens regular for this G. The natural question which arises is: Are there non-amenable periodic groups without infinite amenable subgroups?
Let 3? be a class of groups such that if G € 8?, then any homomorphic image of G also belongs to 3?. A group H is called a hyper-J^-group if every homomorphic image H\ Φ {e} of H has a normal ^-subgroup N Φ {e}. PROPOSITION 
Let G be a discrete group which satisfies any of the following conditions: (i) G is locally finite, (ii) G is isomorphic to a subgroup of GL(n, F) for some n and any field F, (iii) G is a 2-group, (iv) G is hyperfinite, (v) G has an involution x with \CG(X)\ <oo, (vi) G is hypercentral. Then A(G) is Arens regular if and only if G is finite.
Proof, (i) If G is locally finite, then every finitely generated subgroup is finite and hence amenable. Therefore G is amenable [see 19, p. 121] and the result follows from Corollary 3.6.
(ii) If A(G) is Arens regular, then G is periodic. Hence G is locally finite [15, p. 60] .
(iii) If G is an infinite 2-group, then G has an infinite abelian subgroup [15, 
Then G is discrete and A P (G) is Arens regular if and only if PM P (G)* = B P (G).
Proof. Assume that PM P (G)* = B P {G). Then since A P (G)** is commutative, A P {G) is Arens regular. Hence G is discrete, by Theorem 3.2.
Conversely, if G is discrete, then UCB P {G) = PF P (G). If G is Arens regular, then PF P (G) = PM P (G). Hence PM P (G)* = B P {G) as a Banach space. Let u, υ e B P (G). Let / e l x (G). Then (uQv, f) = (u,υf) = Juυfdx = (uv, f). Since PM P (G) = PF P (G) 9 h(G)
is norm dense in PM P (G). Therefore u Θ v = uv and the Arens multiplication agrees with the pointwise product on B P (G). D PROPOSITION 
Let G be a countable amenable discrete group. If A P (G) is Arens regular, then PM P {G) is separable.
Proof. By Proposition 3.4, PM P (G) has the R.N.P. However, since G is countable, A P (G) is separable. It follows that PM P (G) is also separable [see 23, §2] . D When p = 2, PM P (G) is a von Neumann algebra. Since a separable von Neumann algebra is well known to be finite dimensional, we have another proof of Corollary 3.6. This follows since an infinite group must always have a countable infinite subgroup.
For amenable groups PM P (G) can be identified with the multipliers of Lp (G) , that is, the algebra of all operators on L P (G) which commute with convolution. The assumption of Arens regularity of A P (G) implies that the closure of L\{G) is the same with respect to both the norm topology and the weak operator topology on B (L P (G) ). This would seem to suggest that L P (G) is finite dimensional and therefore that G is finite. We are left to ponder the following two questions:
Let G be a discrete group. Let {x\, ... , x n } = A be a finite subset of G. Then I P (G\A) is a closed finite dimensional ideal in A P (G) and is therefore Arens regular. Moreover, I P (G\A) has an identity.
Conversely, if a non-zero closed ideal in A2(G) is Arens regular, then this will be shown below to be sufficient to insure that G is discrete. If, in addition, we assume that / has a bounded approximate identity, then we will also show that / is reflexive and therefore infinite codimensional. THEOREM 
Let G be a locally compact group. Let I be a closed non-zero ideal in A P (G). Assume that I is Arens regular. Then PM P {G) has a unique topologically invariant mean.
Proof. Let Z(/) = A c G. Since / is non-zero, Aφ G. Therefore G\A is open. By translating if necessary, we can assume that G\A is a neighborhood of e.
Let • Observe that AP(G)Γ\B(G) is precisely the space of coefficient functions of the representation of G obtained by lifting the left regular representation of (j ap to G. In this case, the representation is such that its coefficient functions form an algebra. For a general representation π of G, this is so if and only if π (g> π is quasi equivalent to a sub-representation of the representation π [2, Proposition 3.26].
Assume that G is a compact group. Let π be a continuous unitary representation of G. Let s/ π denote the closed self-adjoint subalgebra of A{G) generated by the coefficients functions of π. We wish to bring the reader's attention to two related results in the literature which unfortunately contain errors. The first result is the equivalence of the unique invariant mean on PMι{G) with the discreteness of G. The proof of this result is usually attributed to Renaud [22] . However the proof of [22, Proposition 8] contains a serious error which may well be impossible to repair. It would therefore appear that at present the equivalence of the discreteness of G with the existence of a unique invariant mean requires the assumption of second countability.
Secondly, in example 7.2 (b) of the deep paper [21] , it is mistakenly stated that for every compact group A P (G) is Arens regular.
